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The partial wave projection of the Nijmegen soft-core potential model for Meson-Pair-Exchange 
(MPE) for iViV-scattering in momentum space is presented. Here, nucleon-nucleon momentum space 
MPE-potentials are iViV-interactions where either one or both nucleons contains a meson-pair vertex. 
Dynamically, the meson-pair vertices can be viewed as describing in an effective way (part of) the 
effects of heavy-meson exchange and meson-nucleon resonances. From the point of view of "duality," 
these two kinds of contribution are roughly equivalent. Part of the MPE- vertices can be found in 
the chiral-invariant phenomenological Lagrangians that have a basis in spontaneous broken chiral 
symmetry. It is shown that the MPE-interactions are a very important component of the nuclear 
force, which indeed enables a very succesful description of the low and medium energy AW-data. 
Here we present a precise fit to the iViV-data with the extended-soft-core (ESC) model containing 
OBE-, PS-PS-, and MPE-potentials. An excellent description of the AW-data for T Lab < 350 MeV 
is presented and discussed. Phase shifts are given and a Xp.d.p. ~ 1-15 is reached. 

PACS numbers: 13.75.Cs, 12.39.Pn, 21.30.+y 



I. INTRODUCTION 

In the previous paper Q), henceforth refered to as pa- 
per I, the techniques for the momentum space treatment 
of the extended soft-core model, hereafter referred to as 
the ESC-model, are described. This implies first the de- 
velopment of a representation of the ESC-model suit- 
able for the projection onto the Pauli-spinor rotational 
invariant operators, and secondly the partial wave anal- 
ysis. This partial wave analysis is organized along simi- 
lar lines as used for the soft-core OBE-models @. In § 
the nucleon-nucleon partial wave contributions have been 
worked out in detail. These arc the analogs of the con- 
figuration space two-meson-exchange (TME) potentials 
given in e.g. [jl. Here, the TME-potentials are defined to 
contain the planar- and crossed-box two-meson-exchange 
potentials. 

In this second paper on soft-core two-meson-exchangc 
potentials in momentum space, occasiously refered to as 
paper II in the following, we derive the same representa- 
tion as in paper I, but now for the contributions to the 
nucleon-nucleon potentials when either one or both nucle- 
ons contains a pair vertex, i.e. the MPE-potentials. We 
give the partial wave potentials in the similar representa- 
tion as used in paper I. In Rcf. Q the MPE-contributions 
to the configuration space nucleon-nucleon potentials, i.e. 
when cither one or both nucleons contains a pair ver- 
tex, have been derived. The corresponding "seagull" 
diagrams are refered to as one-pair and two-pair dia- 
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grams. This in order to distinct these from the planar 
and crossed-box diagrams, which were given Ref. jj). 

The two types of two-meson-exchange potentials TME, 
see I, and MPE presented here are part of our program 
to extend the Nijmegen soft-core one-boson-exchange po- 
tential [EL 0, M] to arrive at a new extended soft-core 
nucleon-nucleon model, hereafter referred to as the ESC 
potential g, § g, ffij. 

In the introduction to Ref. Q a rather complete de- 
scription is given of the physical background behind the 
MPE-potentials, and we refer the interested reader to 
that reference. 

We apply the potentials derived in this work to fit the 
A/A/-data. In the TME-potentials we restrict ourselves to 
the ps-ps exchange. Or, phrased differently, we include 
only the Goldstone-boson sector. This because it gives 
the complete long-range contribution, OPEP+TPEP and 
the inclusion of r\ etc. is necessary for (i) (approximate) 
chiral symmetry, and (ii) for completeness in the sense 
of SUf(3), which allows an extension to hyperon-nucleon 
and hyperon-hyperon pQ [. 

In fact, this fit has been performed in the configuration 
space version. However, the results were checked numer- 
ically in momentum space, using the formulas of papers 
I and II. 

This paper is organized as follows. In section II and 
III, we give the essentials of the procedure followed in de- 
riving the new momentum space representation. In sec- 
tion IV the projection of the MPE on the Pauli-spinor 
invariants is worked out for the adiabatic contributions. 
In section V the same is done for the 1/M-corrections: 
the non-adiabatic and the pseudo- vector- vertex terms. In 
section VI the partial wave analysis is indicated. The pro- 
cedure for the partial wave projection is completely anal- 
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ogous to that of paper I, and can be transcribed immedi- 
ately comparing the invariant contributions ilj(k 2 ; t, u) 
for MPE to those for TME in I. In section VII the re- 
sults from a fit to the TV TV-data are shown and discussed. 
Here, phase shifts are given for T^at < 350 MeV and the 
pair-couplings are compared to the values expected from 
e.g. chiral lagrangians. 

In Appendix A the pair-interaction Hamiltonians are 
listed. In Appendix B the A-rcprescntations for the MPE- 
denominators are given. In Appendix C we give the in- 



tegration dictionary for the gaussian integrals that occur 
in MPE but not in TME. In Appendix D a derivation for 
the potentials due to the 'deriv ative scalar pair' interac- 
tion, see the g'^^ B -coupling in Ala is outlined. This for 
completeness, since although we do not employ this kind 
of pair interaction, it occurs occurs often in the current 
literature. In Appendix E the full St// (3) contents of our 
pair interactions is shown. 



II. 



I 

MOMENTUM SPACE REPRESENTATION MPE-POTENTIALS 



Here, we give an outline the essentials of the procedure to derive our new momentum space representation for the 
MPE-potcntilas. These procedures have been described in I, to which we refer for details. Here, we focuss on the 
peculiar features that occur in the application to the MPE-potentials. 

The starting point is the basic convolutivc integral 



d 3 hd 3 h 
(2tt) 3 



<J(k-ki -k 2 ) F M (k?,mi)GW(k2,m 2 ) 



X #k(A 2 ,mi) Gjv((k- A) 2 ,m 2 ) 



(2tt) 3 



(2.1) 



where i*M(k 2 ) and Gjv(k 2 ) can be of the form 



AI = 0: i^(k 2 ) = exp[-k 2 /A 2 ] , M = 2: F 2 (k 2 ) = 



N = Q: G (k 2 ) = exp [-k 2 /A 2 ] , N = 2 : G 2 (k 2 ) = 



exp [-k 2 /A 2 ] 



k 2 



(2.2) 



i.e. M, N = 2 is the modified Yukawa type and M, N — is the Gaussian type. Below, we give for the different cases 
the momentum space representation, similar to the one that has been developed in paper I: 



(i) M — N = 2: In paper I using twice the identity 



exp [-k 2 /A 2 ] 



'dt 



exp 



A 2 



k 2 + ra 2 J l A 2 

the A- integral has been carried out. After a redefinition of the variables t — > t/K\ and u — > u/A 2 the result in I is 

exp[— (m\t + m\u)] 



(2.3) 



V> 2i2 (k) = (^)^/ 2 e m 'l^e m -l^ l dt I 
tu 



oo />oo 



x exp 



t + u 



(t + uf/ 2 
(t = l/A 2 , Uo = l/A 2 ) . 



(2.4) 



(ii) M — 2, N — 0: Using the identity (2.3) once, and performing similar steps as in paper I, one easily derives that 
for this case 



f 2 ,o(k) = (4^)- 3 / 2 e m "/ A ie m ^ / dt I 

J t Ju 

tu 



oo /* oo 



exp[— (m 2 t + m 2 u)] 
(t + u) 3 / 2 



x exp 



t + u 



S(u- u ) 



(2.5) 



Here, is defined S(u— uq) = Um e j^o ${u— uo.c), where uo. E = uq — e. This definition implies that in ( |2.5| ) the w-integration 
can simply be performed by the substitution u —> uq in the integrand. 
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(iii) M = 0, N = 2: Similarly to the previous case, one has 

Vb, 2 (k) = (4^r 3 / 2 e m '/ A ie m ^ A 
tu 

x exp 



t + u 



oo />oo 

eft / du 

5{t - t ) . 



exp[— (m\t + m\u)\ 
(t + u) 3 / 2 



(2.6) 

For the integrals Vm,n of this section, and similar integrals below in this paper, we introduce the following convenient 
short-hand notation. We write 



^M,jv(k) 

with common weight function wo(t, u) defined as 



oo />oo 

dt / du w(t,u) ■ <{ VM,N(t,u) exp 

t J Uq 



tu 
t + u 



Wq 



(t u) = ( 1t)- 3/2 C "»?/A? c mg/A? cxp[-(mjt + mlu)] 



The form in which these basic integrals appear in MPE depends on two factors: 

(i) The denominators D(uji,u>2)- In the next section we will give a catalogue of these. 

(ii) The operators 0(ki,k2). Also these will be given in the next section. 



(2.7a) 



(2.7b) 



r 



III. MESON- PAIR EXCHANGE POTENTIALS 1, 2 is given by 



In H the derivation of the pair-exchange potentials 
both in momentum and in configuration space is given. 
In this reference the configuration space potentials 
are worked out fully. The topic of this paper is to 
do the same for the momentum space description. In 
particular, the partial wave analysis is performed leading 
to a representation which is very suitable for numerical 
evaluation. 



From 01 and equation (3.1) it follows that the momen- 



tum space MPE-potcntial can be represented in general 
in the form 

x*(k-ki-k a ) F (k?)(?o(k£) 



(3.1) 



where the index n distinguishes one-pair (n = 1) and 
two-pair (n = 2) meson-pair exchange, and (af3) refers 
to the particular meson pair that is being exchanged. 
The subscript p = {ad,na,pv} distinguishes respectively 
the adiabatic-, the non-adiabatic-, pseudovector vertex-, 
and off-shell-contributions. Here, the last three are the 
1/M-corrections to the MPE-potentials. 
The product of the coupling constants in the cases n = 



5 ("/?) = 9(.al3)9NNa9NN0, 



9la.fi)-, 



(3.2) 



with appropriate powers of m w , depending on the defini- 
tion of the Hamiltonians given in [IJ, section II. 

(n) 

The momentum-dependent operators O a p are given 
in Tables IV and VI. For completeness, these Tables also 
contain the isospin factors C^ n \a(3) as derived in Ap- 
pendix B of Q. The momentum operators for (ttit)o and 
(tttt)i both contain a term antisymmetric in ki «-> k2, 
which only contributes in the nonadiabatic contribution, 
see H, section 4. In the adiabatic potential, as explained 
in GF, they drop out when we integrate over ki and k 2 . 

(n) 

The energy denominators Dp are also discussed in 
detail in 0J), section II, in terms of the time-ordered 
processes involved in one- and two-pair exchange. These 
denominators depend on the energies of the exchanged 
mesons, i.e. u>\ and ll>2- Another sourse of (^in- 
dependence comes from vertices with derivatives, and the 
non-adiabatic expansion terms. It appears from [Q that 
in general one can write 

D ( g } (u 1 ,w 2 ) = 4ikf3 D {Pi,P2 lP 3] . ( 3 - 3 ) 

where in terms of the integer powers pi (i = 1, 2, 3) the 
denominators can be written 



D 



1 1 



{Pl.P2,P3} , ,Pl , ,P2 



U>1 U>2 {U3\ + U> 2 ) 



(3.4) 



4 



-P' 



The energy denominators D p n ^ are listed in Tables [v| and 

vl 



(a) 



(c) 



-p 



-p 



-p' 



The evaluation of the momentum integrations can now 
readily be performed using the methods given in (J, fLl) . 
There it was shown that the full separation of the ki 
and k 2 dependence can be achieved in all cases using 
the A-intcgral representation, first introduced in [p4[ . In 
Appendix |b] the occurring A-integrals are listed. From 
the listing in |b] one readily sees that for the derivation of 
the representation similar to that one in Eqs. ( JO|)- ( pii| ) 
we need to start out from the generalization of (|2.1|): 



/ 

/ 



-p 



2 f°° f d 3 A 



i\ + X) GAr((k - A 



' 1 mh 



■5) 



(b) 



(d) 



FIG. 1: Time-ordered (a)-(c) one-pair and (d) two-pair dia- 
grams. The dashed line with momentum ki refers to the pion 
and the dashed line with momentum k2 refers to one of the 
other (vector, scalar, or pseudoscalar) mesons. To these we 
have to add the "mirror" diagrams, where for the one-pair 
diagrams the pair vertex occurs on the other nucleon line. 



In paper I it has been shown that all the occurring A- 
integrals can be performed analytically. The result for 
all cases can be written as 



V Pl , P2 , P3 (k) = /^3-fo(A 2 ,mi) G ((k- A) 2 ,m 2 ) D {puP!ltP3} (u 1 ,W2) 

oo />oo r 

dt j du wo(t,u) ■ < d{ PliP 2 t p 3 }(t,u) exp 

t Juo I 



tu 
t + u 



(3.6) 



All functions d 



y (t, u) that occur in this work 
are given in Table IVIlL As noted in section II we will 



in 



use only representations with M 
~ to) or S(u — uq) occurs. 



N 



2, so that no 



J 



IV. PROJECTION MPE ON SPINOR INVARIANTS I 
ADIABATIC CONTRIBUTIONS 



The MPE-contributions from the adiabatic terms, the non-adiabatic- and pseudovector vertex corrections are the 
central-, spin-spin-, tensor-, and spin-orbit momentum space analogs of those given in Reference Q in configuration 
space. From (|Q]), Tables [V- VI, and Table |v] it is readily verified that the projection onto the potentials Vj , similarly 
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to the paper I, can be written as 



oo />oo 

dt I du wo(t,u) ^ exp 

to J "0 



til 

t + u 



(4.1) 



in) 

The functions f£) are worked out in the subsections below. Like in I. we also introduce for convenience the expansion 



K 



n 



(ad,na,pv) /■, 2 



(k 2 ; i ,^cW M9 W(^).^ Tf^\t,u) (k 2 )' 



(4.2) 



fc=0 



Below in this s ection we give the results for the adiabatic contributions. The coefficients T°[ d k are tabulated in 



Tables VIII -XII 



A. J PC = ++ : Adiabatic (7T7r)o-Exchange potentials 
The 1-pair and 2-pair contributions are 



3 f tu 



2 \t + u 



nf\k 2 ;t,u) = -3 



1 



t + u 



(4.3a) 
(4.3b) 



(i) 1-pair exchange: 

(ii) 2-pair exchange: 



B. J — 1 : Adiabatic (7T7r)i-Exchange potentials 



-4(n • r 2 ) 



-2(n-r 2 ) 



-2(n-T 2 ) 



-2(n-r 2 ) 



^ 2) (k 2 ;t,u) 



5(7T7r)i \ / JnNtt 



r- 



di,i,i{t,u) 



9(irx)i\ ( InNtt\ ( 1 + Kl) 
M 

9(irn)l\ ( InNtt\ ( 1 + «l) 

M 



tu 
t + u 
1, 



1 



t + u 



d2,2,o(*,«) ■ +^k 2 ■ — — 
3 t + u 



d<2,2,o{t,u) 



1 1 



2 t + u 



9(T7r)i \ / fNNir\ 1 



ml J M 



77 • d 2 ,2,o{t,u) 



1 



i + u 



ff(7T7r)i 

ml 



[di,o,o + do,i,o - 4d ,o,i] u ) 



(4.4a) 
(4.4b) 
(4.4c) 
(4.4d) 

(4.4c) 



C. J PC — 1 ++ : Adiabatic (7rp)i-Exchange potentials 



(i) 1-pair exchange: 

n 2 1} (k 2 ;t jU ) 



n£\k 2 ;t,u) 



2 , v / A /" f N Ntt9N N p \ , , s 



1 1 

2 + 3 V t + u 



^ 1 + k p) 



4 tu , , 
2 k 2 

3t + u 



2 / \ / 5(*7>)i\ / f N NirQN N p \ , , s 

77 (ti • t 2 ) - • d 2 ,2,o(*> u ) • 

M \ TO W V m n J 



u l I, . 2tu 

< + 7( 1 + k p)- 



t+u 2 



t + u I t + u 



1 



t + u ' 



(4.5a) 



(4.5b) 



(ii) 2-pair exchange: 



f4 2) (k 2 ;t,u) 



(i) 1-pair exchange: 



D. J — 1 ++ : Adiabatic (7rcr)-Exchange potentials 



"( T l • T 2) n~ • "2,2,01*: u ) 



„ 2 ftu~u 2 \ , 2 " 
-2 + - k 2 



3 V i + " 



1 



t + u ' 



+2(n ■ r 2 ) • d 2 ,2,o{ t > u ) 

tu — u 2 \ 1 



t + It / f + It 



(ii) 2-pair exchange: 



n< 2) (k 2 ;f,u) 



0f(k 2 ;i,u) 



x(^ + if— Vk^ 

1, v / 3(^)1 V , v ft - u x 2 



(i) 1-pair exchange: 



E. J PC = 1 + : Adiabatic (ttuj) -Exchange potentials 



( T l ■ T 2j ( ) ( ) • d 2 ,2fi{t, U) 



17l V ) V TO 7T 



2 ftu + ' 



3 \ t + u 



1 



) \ f fNNir9NN 

-2(n • t 2 ) [ -^- L ) [ ) • d 2 ,2,o(t,u) 



tu + u 



2\ I 



t + u J t+u ' 



(ii) 2-pair exchange: 



n {2) (k 2 ;t,u) 



n {2 \k 2 ;t,u) 



1 /V n-\( 9 J^h 
■XVTl ■ T 2) — 

2 V rat 



x |rfi,o,o + do,i,o - ^k 2 di a; i|- (i, u) 
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F. J PC = 1 ++ : Adiabatic (7rP)-Exchange potentials 



The treatment of the Pomeron has been explained in 0. This implies the use of Gq/M 2 t in section II. Furthermore, 
w.r.t. cr-exchangc there is a (— )-sign for P-cxchangc. Therefore, comparing to (4.6a-4.6d) wc obtain the following 
potentials: 
(i) 1-pair exchange: 



o(l)/, 2 . \ I \ ( ' 9{irP)\ ( ]nN-k9NNp\ 1 , ,, , 

fl y 2 '(k z ;t, u) = -(n • r 2 ) • -TT2- • d2,o,o(*, u) ■ 

<5(u - u ) , 



2 f tu — u 2 \ 

- 2 + 3Tnr ]k 



f + tt 



n (l);, 2 . \ oC \ ( 9{ttP)\ ( f N N ttQ N N P \ 1 , , , 



1 



t + M / t + u 



5(u - uo) 



(ii) 2-pair exchange: 



^ 2) (k 2 ;i,u) 



(ti • r 2 ) 



^ 2) (k 2 ;t,u) 



"2( T i ' r 2) 



3(ttP)i "\ 


2 1 






(t-u 




\t + u 




2 1 


ml J 





<5(u - u ) , 



t — u 
t + u 



5(u - m ) 



Notice that in (4.8a)-(4.8d) u = l/Am%. 



(4.8a) 



(4.8b) 



(4.8c) 
(4.8d) 



G. = ++ : Adiabatic 'derivative' (7T7r) -Exchange potentials 

The derivative pair-potentials in coordinate space have been derived in |12| ] in detail. A summary of this is given 
in appendix A short derivation of the p-space potentials is also can be found there, 
(i) 1-pair exchange: 

n?\^t,u) = -12 fe^ (f^)'.^ M 



m° I \ m 
4 ' 2 



15 , It 2 - 8tu + u 2 , 2 t 2 u 2 4 



(t + u)* 



(< + w) 2 



(ii) 2-pair exchange: 

n£ a) CkV.«) 



15 i 2 - 3<m + u 2 
4 + t + u 

,2„ 



t 2 ^ 



rfl,l,l(t,u) 
(t + «) 2 



3 , n 9, 771-1 t H - TTlnli r 

- m 2 + m 2 + — i— ?-k 2 + m 2 ™ 2 . (t + u) 

2 t + u 



rfi,i,i(t,u) 



3 tu , o 
k 2 


do,o,i(*) u ) \ 


2 t + u 


t + u J 



(4.9a) 



(4.9b) 



H. J PC = ++ : Adiabatic (a cr)-Exchange potentials 
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(i) 1-pair exchange: 



(ii) 2-pair exchange: 



^ 1} (k 2 ;t, U ) = 2(^i) ■9l Na -d2,2 fi {t,u) , (4.10a) 



n[ 2 \k 2 ;t,u) = - f^l) d hl>1 (t,u), (4.10b) 



V. PROJECTION MPE ON SPINOR INVARIANTS II 
1/M CORRECTIONS 



The non-adiabatic- and pseudovector vertex-corrections have been given in |4|], section IV. Similar to Eq. (4.1) we 
write these contributions in the form 



y(na,pv) 
pair 



(aP) 



oo /*oo 



dt \ duw (t,u) S d { Pl ,p 2 ,p3}(*> u ) ex P 



tu 
t + u 



(5.1) 



A. Non-adiabatic Corrections 

From Eqs. (4.5)-4.8) of Q one readily obtains the momentum space equivalents using the replacements: 

d 3 hd* kl el(ki+k2) _ J I Mk, §{k _ ki _ k2) 



(2tt) 6 J J (2tt) 



Then, by comparison one can easily read off the diverse quantities O a p and D p \u>\,0J2) that occur in Eq. (3.1) 



for the non-adiabatic potentials. The projections onto the QrJ la ' in Eq. (5.1) yield 



(i) (ttttV 



(ii) (7T7T)i: 



(iii) (ercr): 



Ue-M + ^ + f ™ | k n. _±_ (5 .2a) 



2 V t + u J \(t + u) 2 J j (t + u) 

tt 4 (k;t,«) = - — -) M-d {na} (t,u).— . (5.2b) 

ni '(k;t,«) = ^(r^)— -(— -) - • d {2 . 2 , 0} (*,«) ( T + 
1 /i 2 -8ut + u 2 \ , 2 / t 2 u 2 \ 4 1 1 



k + 7^^9 k • T^^p . ( 5 - 3a ) 



2\ t + u J \(t + u) 2 J j (t + u) 2 

rtr\k 2 ;t,u) = -2(t 1 .t 2 ) 9 ^(^) 2 ±. d{2 , m (t,u)~. (5.3b) 

Dlj \ JTItt J M t + U 

rtr\^t, U ) = i^^. d{na}i t,u)\-U(J^)A--^. (5.4) 

M ^2 \ i + u J ) t + u 



9 



(iv) (ttct): 



^™ o) (k 2 ;t, U ) 



s5(tto-)i /jvJVtt 9NNa , ,, n 
+ (Ti • T 2 J— 3 — • d {na y{t,U) 



mi m 7 



,'5 It 2 



M 
-k 2 



1 tu 2 (t — u) 4 



13tw + 6u 2 k _ 
2 ' 6 i + w + 3 (t + u) 2 

,9(na)i /jVJVw 9NNa , ,, n 
+ (Tl • T"2j-Z^ — ' d {na}(t,U) ■ 



(t + u) 2 ' 



mi m 7 



M 

.2, 



'lt 2 -7tu + 6u 2 tu 2 (t-u) 2 

X % ~~ ~r — ; tt; — K 

2 i + w (t + u) 2 



(t + u) : 



(5.5a) 



(5.5b) 



(v) (7T7r)o( 'derivative'): 



^" a) (k 2 ;t,u) = -12 



1 

2A/ 



+ 



15 1 / 1 2 - 8tu + u 2 



4 2 V t + u 
105 15 /i 2 - 5tu-t 
~8~ + T V i + « 



tV 
(t + u) 2 



rii,i,i(t, u) 
(t + u) 2 



k - ^riu 



3 ft 2 -5tu + u 2 



3„,3 



k 4 - 



t^u 



n{ na \k 2 ;t,u) = -12 



^( 7r7r )o 1 / InNtt 



(t + u) 2 J (t + u) 3 

1 / rfl.l.lft,") 

2M ' 1 t + u 



5 + 2^k 2 

t + u 



d na {t,u) 
(t + u) 3 

d na {t,u) 
(t + u) 2 



(5.6a) 
(5.6b) 



Here, d{ na }(t,u) is defined in (B3) 



B. Pseudovector- vertex Corrections 



From Eqs. (4.9)-4.11) of || likewise as in the case of the non-adiabatic corrections one obtains for the pseudovcctor- 
vertex corrections: 

(i) (7T7T) : 



n^ v) (k 2 ;t,u) 



S(7T7I-) / JnNtT 



_3_ 

M 



■ i}(t,u) |3 + ( 



t 2 + u 2 
t + u 



1 



t + u 



4 ^(k 2 ;t,u) = +2 



(5.7a) 
(5.7b) 



(h) (7T7T)] 



(iii) (ttct): 



n[ pv \k 2 ;t 7 u) = +(r 1 -T 2 y- 



M 



2 + TTu~ k J d {2,o.o}(*'«) 



1 



^(k 2 ;^) = +2(tx-t 2 )- 



)i / /jVJVir 



1 

M 



t + tt 
?/ 



t 



t + u 



l {2,0,0} 



t + u 



'{0,2,0} 



(5.8a) 
(5.8b) 



^ } (k 2 ;t, U ) = -(n-ra) 
^(k 2 ;t,u) = -( T1 .T 2 ) 



9(na)i fNNit 9NNa , ,, , f , , 1 t 2 - tu 2 

^T^7^T • «)■(!+ gT^k 

5(7rcr)i /aWtT 5WJV t 



1 



t + u 



■ d{i,i.i}(t,u) ■ ( 



t z - tu 



1 



t+u J t+u 



(5.9a) 
(5.9b) 
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(iv) (7T7r)o('derivative'): 



= -6 



9(n*)a \ ( InNtt 



• di i l (t, u) ■ I (m? 

2M 1,1,1V ' ' \ V 1 



-24 



3(mf + mi) + 



t 2 + 2tu + u 2 
t + u 



^O"r)o \ ( fNN-K 



2 m 2 (3i 2 - u 2 ) + m 2 (3u 2 - t 2 ) 



t + u 



1 



2tu 
1 

2M 



t 2 + 2tu + v/ 
(t + u) 2 

di,i,i(t,u) ■ 



t + u 

1 

Jt + uf 



x <^ {m\ + ml) + 



t 2 +tu + u 2 
t + u 



1 



t + u 



The coefficients T™ a k ' pv defined in (O) are tabulated in Tables VIII -KII 



(5.10a) 



(5.10b) 



For (7rP)-exchange, the 1/M/v non-adiabatic and pseudo- vector vertex corrections can be read off from those for (ttu) 

and making the same adjustments as g 
(7rP)-pair exchange arc given explicitly. 



and making the same adjustments as given already for the adiabatic contributions. In Table |XIII| the Q^ pv ' ad ' 1 for 



VI. PARTIAL WAVE ANALYSIS 



Like the TME-potentials in I, the general form of the MPE-potentials in momentum space is 

^ ,l) (k 2 ;M)j , (6.1) 
where 

w, -, (t, u) ~ Wo(t, u) d, i (t, u) . 

Therefore, the partial wave analysis runs along the same lines as described in sections VI and VII of paper I for the 
TME-potentials. We refer the reader to this paper for the d etails. 



K (n) (k) 



dt 



In 



(III 



(n) 

{Pl,P2,P3> 



(t, u) exp 



tu 
t + u 



VII. ESC-MODEL, RESULTS 

The momentum space formulas for the potentials of 
this paper and paper I have been checked numerically. 
This is done by solving the Lippmann-Schwinger equa- 
tion and comparing the phase shifts with those obtained 
by solving the Schrodinger equation using the x-space 
equivalent of the potentials. 

After the completion of the p-space formalism we per- 
formed a x 2- fit with the ESC-model to the 1993 Nijmcgen 
representation of the x 2 -hypersurface of the NN scatter- 
ing data below T Ulb = 350 MeV g|. 

This fitting was executed in x-space using the equiva- 
lent x-space potentials. The reason for this is the much 
faster evaluation of the ESC-model in x-space. We ob- 
tained a x^lNdata = 1.15. The phase shifts are shown 
in Fig.s In Table III the results are shown for the 
ten energy bins, where we compare the results from the 
updated partial-wave analysis with the ESC potentials. 

In Table I we show the OBE-coupling constants and 



the gaussian cut-off's A. The used a =: F/(F + D)- 
ratio's for the OBE-couplings are: pseudo-scalar mesons 



i pv = 0.355, vectormcsons ay 



1.0, aV 



0.275, 



and scalar-mesons as = 0.914, which is computed us- 
ing the physical S* =: /o(993) coupling etc.. In Ta- 
ble n we show the MPE-coupling constants. The used 
a =: F/(F + D)-ratio's for the MPE-couplings are: (nri) 
etc. and (ttlu) pairs a({8 s }) = 1.0, (irir)i etc. pairs 
= 0.4,a^({8} Q ) = 0.335, (tt P ) 1 etc. pairs 
a A {{8} a ) = 0.335. 

We emphasize that we use the single-energy (s.e.) 

phases and x 2_sur f ace Jl7 ] only as a means to fit the 

NN-data. As stressed in [15| the Nijmegen s.e. phases 
have not much significance. The significant phases are 
the multi-energy (m.e.) ones, see the dashed lines in the 
figures. One notices that the central value of the s.e. 
phases do not correspond to the m.e. phases in gen- 
eral, illustrating that there has been a certain amount 
of noice fitting in the s.e. PW-analysis, see e.g. ei and 
1 Pi at T iab = 100 MeV. The m.e. PW-analysis reaches 
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FIG. 2: Solid line: proton-proton I — 1 phase shifts for 
the ESC-model. The dashed line: the m.e. phases of the 
Nijmegen93 PW-analysis [{tit - The black dots: the s.e. phases 
of the Nijmegen93 PW-analysis. The diamonds: Bugg s.e. 



FIG. 3: Solid line: proton-proton I — 1 phase shifts for 
the ESC-model. The dashed line: the m.e. phases of the 
Nijmegen93 PW-analysis [lit . The black dots: the s.e. phases 
of the Nijmegen93 PW-analysis. The diamonds: Bugg s.e. 



X 2 /Ndata = 0.99, using 39 phenomenological parame- 
ters plus normalization parameters. The related phe- 
nomenological PW-potentials NijmI,II and Reid93 p8| , 
with respectively 41, 47, and 50 parameters, all with 
\ 2 /Ndata = 1.03. This should be compared to the ESC- 
model, which has x 2 l^data = 1.15 using 20 parameters. 
These are 9 meson-nucleon-nucleon couplings, 8 mcson- 
pair-nucleon-nucleon couplings, and 3 gaussian cut-off 
parameters. From the figures it is obvious that the ESC- 
model deviates from the m.e. PW-analysis at the highest 
energy in particular. If we evalute the x 2 for the first 9 
energies only, we obtain x 2 l^data = 1-10. 

We mentioned that we do not include negative energy 
state contributions. It is assumed that a strong pair 
suppression is operative at low energies in view of the 
composite nature of the nucleons. This leaves us for the 
pseudo-scalar mesons with two essential equivalent inter- 
actions: the direct and the derivative one. In expanding 
the NNir- etc. vertex in l/M^v these two interactions dif- 
fer in the 1/Mj^-terms, see || equations (3.4) and (3.5). 



Here, we prefer to cancel these 1/Mjy terms by taking 

(7.1) 

where g NNn = (2M N /m„)f NN „. 

As for the OBE-couplings, one notices that Ge = 
9pNN is small, but Gm = Qp + fp is okay. One possible 
explanation would be that part of the p-exchange is re- 
placed by the 2-pair (7T7r)i-exchange, which has identical 
quantum numbers. This still leaves room for the inter- 
pretation of the 1-pair (7T7r)i -exchange as a form factor 
correction. Another interesting possibility is that leaving 
out the tensor mesons <22(1320), /2(1270), /2(1520) affects 
the vector meson couplings. This can be seen as follows. 
At high energies and low to moderate momentum trans- 
fer there is a strong cancellation between the vector and 
tensor exchange: (p — 02)- and (w — /^-cancellation p9j. 
This is called Exchange-Degeneracy (EXD). Indeed, by 
changing g p / V^hr = 0.3 to g p = 0.75/ x/4n one can cancel 
the change in the p-exchangc potential by the inclusion of 
a2-exchange rather completely. The inclusion of mesons 
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FIG. 4: Solid line: neutron-proton 1 = phase shifts for 
the ESC-model. The dashed line: the m.e. phases of the 
Nijmegen93 PW-analysis JL5|. The black dots: the s.e. phases 
of the Nijmegen93 PW-analysis. The diamonds: Bugg s.e. 



TABLE I: Meson parameters of the fitted ESC-model. Phases 
are shown in Figs. ^ to |^. Coupling constants are at k 2 = 
0. An asterisk denotes that the coupling constant is not 
searched, but constrained via SU (3) are simply put to some 
value used in previous work. 



meson 


mass (MeV) 


g/V^ 


//V35F 


A (MeV) 


7T 


138.04 




0.2663 


950.69 


'/ 


547.45 




0.1461* 


11 


'/' 


957.75 




0.1789* 


11 


P 


768.10 


0.2700 


3.6378 


688.20 


4> 


1019.41 


-1.4717* 


0.0149* 


11 


it> 


781.95 


2.6862 


0.3255 


11 


ao 


982.70 


0.9851 




734.25 


fo 


974.10 


-0.7998 




11 


e 


760.00 


3.7554 




11 


A 2 


309.10 


-0.4317 






Pomeron 


309.10 


2.5514 







with a mass > 1 GeV/c 2 , like the axial and tensor mesons 
we leave as a future project. 

Unlike in || ^j, we did not fix pair couplings using a 
theoretical model, based on heavy-meson saturation and 
chiral-symmctry. So, in addition to the 14 parameters 
used in we now have 6 pair-coupling fit parameters. 
In Table [II the fitted pair-couplings are given. Note that 
the (7T7r)o-pair coupling gets contributions from the {1} 
and the {8 S } pairs as well, giving in total g^n) = 0.10, 
which has the same sign as in The /f^^-pair cou- 
pling has opposite sign as compared to H. In a model 




100 200 300 
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FIG. 5: Solid line: neutron-proton 1 = phase shifts for 
the ESC-model. The dashed line: the m.e. phases of the 
Nijmegen93 PW-analysis |l5"t . The black dots: the s.e. phases 
of the Nijmegen93 PW-analysis. The diamonds: Bugg s.e. 



TABLE II: Pair-meson coupling constants employed in the 
MPE-potentials. Coupling constants are at k 2 = 0. 





St/(3)-irrep 


(a/3) 




//4tt 


0++ 


{1} 


(7T7r)o 


0.1567 




0++ 


11 


(ctct) 






0++ 


{8}s 


(tttj) 


-0.2946 




0++ 




[mf) 






1"" 


{8}. 


(7T7r)l 


0.1093 


-0.2050 


1++ 


11 


(l75)l 


0.6950 




1++ 


11 


( 7rf7 ) 


0.0140 




1++ 




(tt.P) 


-0.1604 




1+- 


{8} s 




-0.1081 





with a more complex and realistic meson-dynamics 0] 
this coupling is predicted as found in the present ESC- 
fit. The (7rp)i-coupling agrees nicely with Ai-saturation, 
see Q. We conclude that the pair-couplings are in gen- 
eral not well understood, and deserve more study. 

The ESC-model described here is fully consistent with 
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TABLE III: x 2 an d X 2 P er datum at the ten energy bins 
for the Nijmegen93 Partial- Wave-Analysis. Ndata lists the 
number of data within each energy bin. The bottom line gives 
the results for the total — 350 MeV interval. The x 2_access 
for the ESC model is denoted by Ax 2 and Ax 2 , respectively. 



forward in principle. 





f| data 


Y,1 


Ax 2 


x 2 , 


Ax 2 


0.383 


144 


137.5549 


21.3 


0.960 


0.148 


1 


68 


38.0187 


55.7 


0.560 


0.819 


5 


103 


82.2257 


13.0 


0.800 


0.127 


10 


209 


257.9946 


78.1 


1.234 


0.269 


25 


352 


272.1971 


44.3 


0.773 


0.126 


50 


572 


547.6727 


137.4 


0.957 


0.240 


100 


399 


382.4493 


27.6 


0.959 


0.069 


150 


676 


673.0548 


82.9 


0.996 


0.123 


215 


756 


754.5248 


108.0 


0.998 


0.143 


320 


954 


945.3772 


305.0 


0.991 


0.320 


Total 


4233 


4091.122 


864.2 


0.948 


0.201 



S[/(3)-symmetry. In Appendix |e] we display the full 
ST/ (3) contents of the pair interaction Hamiltonians. For 
example g/ np ) 1 = gA 8 vp, and besides (7rp)-pairs one sees 
also that (KK*(I = 1)- and KK*(I = 0)-pairs con- 
tribute to the NN potentials. All F/(F + D)-ratio's are 
taken fixed with heavy-meson saturation in mind. The 
approximation we have made in this paper is to neglect 
the baryon mass differences, i.e. we put tua = = ttin- 
This because we have not yet worked out the formulas for 
the inclusion of these mass differences, which is straight- 



VIII. 



CONCLUSIONS AND OUTLOOK 



The presented ESC-model is very succesfull and flexi- 
ble in describing the NN-data. It can be developed and 
extended in various ways. First, we plan to extend the 
OBE-potcntials in momentum space by including the full 
OBE-propagator, i.e. 



1 



1 



up- lo(lu + a) 



(8.1) 



This includes retardation at the level of the OBE- 
potentials. Secondly, one may extend the TME- 
potentials including besides ps-ps also the ps-vector, ps- 
scalar, etc. potentials. Thirdly, the inclusion of the 
axial- and tensor-mesons, which we discussed in connec- 
tion with EXD. 

The momentum space formulation of the ESC-model 
also suggests a covariant formulation. Consider an Effec- 
tive Field Theory and suppose that it allows the Wick- 
rotation. Then, assuming in Euclidean space a Gaussian 
cut -off, one can use a representation completely akin to 



2.3 etc. For example, this opens the way to analyse the 
expansion in loops in the presence of a strong cut-off. 
Also, one could evaluate the ESC-model using the Bcthc- 
Salpctycr equation. 

The presented ESC-model can be applied in various 
ways: (i) The study of Few-body systems in momentum 
space, (ii) The study of Meson-Exchange-Current (MEC) 
corrections, (iii) The derivation of 3-body forces consis- 
tent with the 2-body forces, (iv) G-matrix etc. descrip- 
tion of Nuclear Matter. 



APPENDIX A: PAIR INTERACTION HAMILTONIANS 



The pair hamiltonians are 

J PC = 0++ 



J PC = 1- 



J PC = r 



J PC = 1+- 



Hs = (V'V) {flW) (7r • tt) + 900O 2 } /"V + 
g{^ )o (^)(d^-d^)/ml , 



2M 



'Ha = g^p^'lulbTip'i-K x p' 1 )/™^ + 

^'l^lsTi 1 ' (ct9 m 7t - 7TCHV) /ml 
Kb = 9{-Kp) Q ^'cr^lh^'d u {^ ■ p)/ml + 



(tt x d^7:)/ml , 



(Ala) 
(Alb) 

(Ale) 

(Aid) 
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APPENDIX B: A-REPRESENTATIONS 



The following A-rcprcsentations |TT| arc exploited: 

1 2 f°° dX 



Di, 0,0(^1,^2) 
^0,1.0(^X1^2) 
A),o,i(^i, w 2 ) 
Di,i,i(cJi,a;2) 



Id l IT Jo Id 

1 2 r°° d\ 



2 + A 2 ' 



Idi IT Jo Cl> 2 

1 2 



2 + A 2 ' 



X 2 dX 



td 1 +td 2 it Jo (id 2 + X 2 )(oj 2 + X 2 ) ' 
1 2 f°° dX 



UJltd 2 {idl + td 2 ) IT Jo {cdf + X 2 )(ld 2 + X 2 ) 

A special combination occurs in non-adiabatic terms. Here, see Table occurs 



1 


' 1 


1 


1 






Ld 2 UJ 2 


LUl 


td 2 


Idi + 


id 2 




2 r 00 


dX 


1 






1 


Wo 


X 2 


. W 1 W 2 


(id 2 





(Bla) 
(Bib) 
(Blc) 
(Bid) 



Notice that the denominator D„2 = 2-D//, sec |||. The corresponding d na (t,u) is, see paper I, section IV A, 



dna{t, u) 



dX 

Wo ^ 



1 - e 



-{t+u)\ 2 



-.vr 



(B2) 



(B3) 



APPENDIX C: INTEGRATION DICTIONARY 

In this appendix we give a dictionary for the evaluation of the momentum integrals that occur in the matrix elements 
of the TME-potentials. The results of the c? 3 A-integration are given apart from a factor (47ra) -3 / 2 (a = t+u), common 
to all integrals. Using the results given in Appendix B of paper I, one obtains: 

(i) For the operators O^l , and the operators 



a. (kj -k 2 ) = A k- A 2 => 



-3 + 2 



tu 
t + u 



1 



t + u 



b. [a 1 ■ ki x k 2 ] [<x 2 • ki x k 2 ] = [<Ti • A x k] [<r 2 • A x k] 



1 f 2 



2 3 



{a 1 ■ <x 2 ) k 2 



(<ti ■ k) (er 2 ■ k) - - (<ti ■ er 2 ) k 2 



£ + u 



c. [(<7i + er 2 ) • ki x k 2 ] q ■ (ki - k 2 ) = [(<Ti + cr 2 ) ■ A x k] q ■ (2A - k) 

=>• [(o-i + <r 2 ) ■ q x k] ■ — — , 

t + u 



d. (cr 1 ■ k x cr 2 ■ k 2 ) + (cr 1 • k 2 cr 2 • ki) 

2tu 



<T 1 ' <7"2 



(tn-k) (ffa-k) 



i + it 

e. (<ti • ki)(cr 2 • ki) = (crj • A)(cr 2 • A) 



1 



1 



2u 2 



, <J\ ■ (To H 

2 1 t + u 



(o-X-k) (<7 2 -k) 



i + u 

1 

i + It 



/. <7i • (ki - k 2 ) cr 2 • (ki - k 2 ) = crj • (2A - k) er 2 • (2A - k) 



(Cla) 

(Clb) 

(Clc) 

(Cld) 
(Clc) 
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(ii) For the 1/M-correction operators etc., not included in the list (Cla)-( |cTc| ): 



a. (ki • k 2 ) 2 = (A • k — A 2 



2„,2 



t Z U 



- <^ 15 + 2 k 2 + 4 . 

4| V t + u J \{t + u) 2 



b. (cri • k 2 )(er 2 ■ k 2 ) = <Ti ■ (k - A) tr 2 ■ (k- A) 



1 



2t- 



2 [ t + u 



(ai ■ k) (er 2 • k) 



1 



t + u 



2 _ I 3 



c. k[ = A => 

<£ k 2 = (k - AY => 



u 



1 



2 t + u J t+u 

2 1 



J 3 , t k 2 



2 t+u J t+u ' 



e. k 2 k^ = k 2 A 2 - 2k • A A 2 + A 4 

15 1 (3t 2 - 4tu + 3u 2 ) 2 t 2 



4 2 



t + u 



(t + u) 2 ' 



(t + u) 2 J (t + u) 2 ' 



/. (k x ■ k 2 )(<n • ki)(<r 2 ■ ki) = A • (k - A)[«ri • A o-2 ■ A] 



5 1 tu 



4 2t + u 



1 



(t + u) 2 



fi • er 2 



+ (o-i • k <r 2 • k) J - 



1 (2t - 5u)u tu 3 



2 t + u 



(t + u) 2 J (t + u) 2 ' 



g. (ki • k 2 )(cri ■ ki)(er 2 • k 2 ) = A ■ (k - A)[<n ■ A <t 2 ■ (k — A) 



5 1 tu 



4 2t + u 
+ (<xi • k <r 2 • k 



1 



(t + u) 2 
1 7 tu 



cri • er 2 



t^u 2 



2 2 (t + u) 2 (t + u) 3 J t + u 



1 



(C2a) 

(C2b) 
(C2c) 
(C2d) 

(C2e) 



(C2f) 



(C2g) 



APPENDIX D: DERIVATIVE SCALAR-PAIR POTENTIALS 

As pointed out by Ko and Rudaz [l3] | besides the most simple lagrangian for er-decay llbl^ = ga-^-nO-K ■ tt also the 

lagrangian cr-decay C^ n = g'aTnT a ^^ 7T ' ^ A ' 7r appears in the linear er-model. The latter is useful in keeping the scalar 
meson width's within reasonable bounds as the scalar mass increases. Also, derivative couplings to baryons were 
considered in the context of an SUf(3) generalization in [61. In the (NN2ir) effective field-theory lagrangian |l4j] the 
TV TV-interaction lagrangian. i.e. the NLO-terms, for the pion-pairs reads 



7V 



(Dl) 



where D = 1 + 7r 2 // 2 and D M = D 1 9 p 7r/F 7r , with = 2/ ff = 185 MeV. The correspondence with the pair terms 
treated in this paper is that c\ ~ <?(7r7r) , an d C3 ~ 3( T7r ) - The C4-term has been considered in but not in this 
paper. The 'derivative' hamiltonian to lowest order in the 7r reads 



H S i=g{^ )o {i>^){d^-d^)/ml 



(D2) 
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1. Adiabatic potentials 



For the 1-pair graph's in equation (p.l 



n (1 > ft n< s ') n(2PS) M2PS) _ ( Inn* 



7/7 „ 



(ki • k 2 - ier • ki x k 2 ) 







a(3,p 



(±cjioj 2 + ki ■ k 2 ) 



(D3) 



Her e, fo r p = a,c the (— )-sign and for p = b the (+)-sign applies. Obviously, a = /3 = tt in (D3). All other quantities 
in (3.1) are the sa me a s for pion-pair without derivatives. Here, and in the rest of this appendix, we absorb the 
g( n \a, /3)-factor in (3.1) into the definition of the O-operators. 

Evaluation of the p-sum and including the mirror graph's, one gets collecting all terms and selecting the contributions 
symmetric in 1 <-> 2 the matrix clement 



^6i 1 j iP (k lj k 2 ) J D«(o; 1 ,a; 2 ) = -2 



(ki • k 2 ) {ki • k 2 - icr ■ ki x k 2 } 



1 



'1^2 



(D4) 



For the 2-pair graph's in equation (3.1) one has 



(2) 



2wiw 2 (cji + LU 2 ) 



(— U\U 2 + ki • k 2 y 



(D5) 



Using the expressions in this appendix we obtain in p-space the adiabatic 'derivative' (7T7r)o-exchange potentials 
the 1-pair exchange and 2-pair graphs give 



n { ^- ad (k 2 ;t,u) = -6 | 
1 

+ 2 



l2 {-^r)\—) ■ **<>(*.«)■ 

15 It 2 -8tu + u 2 , 9 t 2 u 2 , 

1 k 2 + — 

4 2 t + u (t + u) 2 

"15 t 2 -Mu + u 2 
4 i + u 



(t + u) 



2 ' 



k 2 



t u 



(t + uf 



d\,i,\{t,u) 
(t + u) 2 



-(m 1 + m 2 ) + 



2 m x t + m 2 u 2 



+ 



2 t + u 



i + it 
^0,0,1 (Mt 



k 2 + mjm 2 (i + u) 



u) 



(D6a) 



(D6b) 



2. 1/M corrections 



The nonadiabatic from the 1 / M-expansion of the energy denominators and the pseudo- vector vertex l/M- 
corrections are described in Ref. |ll| and used also in Ref . ||] , section IV. Below, we give the results for the evaluation 
of these l/m-corrections for the 1-pair graph's with the 'derivative' pair-interaction. 



a. Non-adiabatic contributions: For the 1-pair graph's in equation (3.1) the non-adiabatic operator is 



^(w7r)o ( In Nit 



1 

2M 



• k 2 ) 2 + - (o-i + <r 2 ) ■ ki x k 2 q ■ (ki - k 2 ) 



x f(s") 

^ 1 7T7T,p 1 



(D7) 



where T-j^- p = ±wiu; 2 +ki • k 2 and the ±-sign has been explained above. The denominators D p n °^ (u>i, u> 2 ) have been 
given in B. Again, we select the terms symmetric in 1 <-> 2 since the asymmetric terms will not contribute, which is 



17 



easily seen in x-space. The sum over the graph's p — a,b,c yields 



i 



i 



i 



W2) 



^1 + Cl>2 ^1^2 



1 1 



Cl>1 CJ 2 Wl + LU 2 



(ki ■ k 2 ) . 



(D8) 



Using the expressions in this appendix we obtain in p-space the non-adiabatic 'derivative' (7T7r) -exchange potentials 



n[ na) (k 2 ;t,u) = -12 

f2 _ o-i„, 



9(mr) 1 ( Inn 



"15 




T + 




"105 


15 






(na) (k 2 





2 



1 

2M 



t + u 



t 2 n 2 

k 2 + ^l^k 4 



{t + uf 



t + u 



-fu 



(t + w) 2 
i 2 - 5tu + u 2 
(t + u) 2 



3„,3 



t A u 



(t + uf 



^W) 1 ( Inn-it 



1 

2M 



i + u 



tu , 

-5 + 2 k 2 

i + ti 



d na {t,u) 
{t + uf 

d na {t,u) 

(t + u) 2 



(D9a) 
(D9b) 



Here, d{ na y(t,u) is defined in (B3). 



b. Pseudo- vector contributions: The pseudovector vertex gives 1/M-terms as can be seen from 



u(p')r^(p) = -i^ 



<r ■ (P' - P) ± ' (P' + P) 



(D10) 



where upper (lower) sign applies for creation (absorption) of the pion at the vertex. For graph (a) the operator for 
the nucleon line on the right is readily seen to be 

2 



1 



ma J 2M 



(wik 2 , - w 2 k 2 ) - 2q • (cjik 2 + w 2 ki) + 2z<x 2 • q x (u>ik 2 - ^k^ 



(Dll) 



The same expression for gragh (b) is obviously obtained from (Dll) by making the the substitution lo\ — > — u>\, and for 
graph (c) the substitution u>i t 2 — > The mirror graphs are included by making the replacement er 2 — ► (<r 1 +cr 2 )/2. 

Combining all this with the adiabatic denominators Dj(u>i,u}2) 

Dl(ui,w 2 ) = — ■ , Dl(uJ 1: UJ2) 



2u)\w\ (wi + u> 2 ) 

and Dl(u>i,(d2) = D^{^2,^i)- Summing over the 1-pair graphs gives 



^ow ; ; Q (k 1 ,k 2 )^(c 1 ^2) 



1 1 

M iO\uJi (u>i + UJ2) 



(D12) 



^{mj + m 2 ){u 2 + u 2 ) - 2lu 2 lu 2 



i (a- 1 + cr 2 ) ■ q x k {uf + uj\ + ki • k 2 ) 



(D13) 



Using the expressions in this appendix we obtain in p-space the pseudo- vector vertex 1/M-corrections to the 'deriva- 
tive' (7T7r)o-exchange potentials 



-6 



m 2 (3i 2 -M 2 ) + m 2 (3u 2 -i 2 ) l2 



-24 



Z(m\ + ml) + 

t 2 + 2tu + u 2 
t + u 

9{tttt)o \ ( InNh 



t + u 



2tu 



t 2 + 2tu + v? 
(t + u) 2 



t + u 

1 

(t + uf 



(D14a) 



l (TO? + TO 2 ) + 



• di 1 1 (t, u) 

2M ' ' n ' ' 



t 2 + tu + u 2 



t + u 



t + u 



(D14b) 
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APPENDIX E: PAIR COUPLINGS AND 

SU f (3)-SYMMETRY 

Below, cr, ao, Ai, . . . are short-hands for respectively 
the nucleon densities ipip, ipTip, ^757^ Tip, .... 

The SUf (3) octet and singlet mesons, denoted by the 
subscript 8 respectively 1, are in terms of the physical 
ones defined as follows: 



ncs acnnca as ioiiows: 
(i) Pseudo-scalar- mesons : 

T/i = cos Opvif — sin# pt) ? 

m 



sin 9 pv r/' + cos Q pv r\ 



Here, rf and 77 are the physical pseudo-scalar 
mesons ?y(957) respectively 7/(548). 

(ii) Vector- mesons : 

4>\ = cos 9 v ui — sin 9 v (p 
4>s = sin 6 v ui + cos 6 v <p 

Here, <p and u) are the physical vector mesons 
0(1019) respectively w(783). 

Then, one has the following S'L r (3)-invariant pair- 
interaction Hamiltonians: 

1. STJ(3)-smglet couplings S^ = Sf j0 -/V3: 

H Sl pp = ^f- {tt • 7T + 2A+A + W8 } • a 
v3 

2. 5t/(3)-octet symmetric couplings I, Sp = {Ss)p => 
(l/4)Tr{S[P,P} + }: 



H 



S 8 PP 



SSbPP 

. V3 



l (a ■ 7r)ry 8 + ^a ■ (AVA) 



i/o (tv-tt- K^K - T] 8 m) I 



3. 5J7(3)-octet symmetric couplings II, Sg = (B$)p 
(l/4)Tr{B^,P} + }: 

Hb 8VP = ^ I \ [(B? ■ p„) m + (B? ■ tt,) 8 ] 



4 

1 



[Bi ■ (A*+tA) + /i.e.] 
(aJtA*) ■ 7T + (A'JrA) ■ p + /i.e. 
(A} ■ A*)r? 8 + {K\ ■ A)0 8 + h.c. 



pit-- (K* f ■ A + A"f - A"*) - 0877s 



4. 5C/(3)-octet a-symmetric couplings I, Ap" = (Vg)p 



KvsPP = 9a 8 pp I 2^ ' ^ x ^ + 2 P ^ ' ^ Td ' J ' K ) 

+ l - (k$t{k&>*) - h. c )j + 7^ (V;t. 

(A- 0%) - h.c. J + l -V3^(K^ &K) J 

5. 5C/(3)-octet a-symmetric couplings II, Ajg = (A s )p =4 
(-i/V2)Tr{A"[P,V M ]_}: 



'HAsVP = gA 8 VP < Ai • 7T x p 



— /l.C 
— /l.C 



—Ai • [(AVA*) - (A*VA) 



( [(AVAa) • p + (A^r A*) • 7T 



4( 



-V3fi [A f • A* - A* f • A] 



(At • K A )(P & + (A* ■ K*)r) 8 ~\ - /i.e.) 



The relation with the pair-couplings of Appendix |a| is 

gs 1 pp/Vi = 9(^)0/^, gAsVP = g( vp ) 1 /rn v etc. 
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TABLE IV: The one-pair isospin factors C^(a(3) and momentum operators 6^1 (ki,k 2 ). The index p labels the type of 
denominators. Note that ki = {} / g)(inr) 1 ■ 



(a(3) 



C (1) («/3) 



0S, P (ki,k 2 ) 



(7T7r)o 

(aa) 

(7T7r)l 



(tto) 
(nP) 

(nuj) 



6 
2 

Tl-T 2 

ti-t 2 

2lTi -T 2 



— 2iri-T2 

Tl-T 2 
Tl-T 2 

3 

Tl-T 2 



-ki- k 2 + f (<ri + <r 2 )-(ki x k 2 ) 
1 

-2ki- k 2 
-2ki- k 2 

i [ki-k 2 - 5(0-1 + o- 2 )-(ki x k 2 )] 

+T7 [(1 + Ki)fi-(ki x k 2 )er 2 -(ki x k 2 ) 

IVl 

+ |(o-i +<r 2 )-(k 1 x k 2 )q-(ki - k 2 )] 

o-i-kio-2-ki + |(1 + ftp) (en-ki(T 2 -k 2 
+(Ti k 2 cr 2 ki — 2o-i-er 2 ki-k 2 )] 
[cri kicr 2 k 2 + cri-k 2 o- 2 ki — 2<ti kicr 2 ki] 
[CTi-ki(T 2 k 2 + (Tik 2 (T2-ki — 2o-i-kicr 2 ki] 
[cri kicr 2 k 2 + eri-k 2 er 2 -ki + 2<xi kicr 2 ki] 
[cri ki(T 2 -k 2 + cri-k 2 (T 2 -ki + 2cri kicr 2 -ki] 



1 

M 



TABLE V: The one-pair denominators Dp (wi, iv 2 



(a/3) 



oLVii ^2) 



DfJ (wijWa) 



(-k-r)o 

(7T7r)l 

(tto-) 



1 



UJlLJ2(uJl + UJ2) ' 
1 



11 1 

UJl UJ2 + 0J2 



11 1 

UJl UJ2 + U2 



CJiCl> 2 (oJi + 0J 2 ) 



U>lUJ2(u!l + UJ2) 
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TABLE VI: The two-pair isospin factors C' 2 ' (a/3) and momentum operators 6^ p (ki,k2), and denominators D p 2 ' (wi, 



W2) 



(a/3) 



0^, p (ki,k 2 ) 



D p 2) (tJi,tJ2) 



(7T7r)o 

(<kt) 
(ttt?) 
(tti/) 

(7T7r)l 

(7rp)i 

(ttit) 

(nP) 

(ttw) 



6 
2 

Tl-T 2 
Tl-T 2 

Tl-T 2 
2T1-T2 
T1-T2 
Tl-T 2 

3 

T1-T2 



1 
1 
1 
1 

1 

<Ti-(ki - k 2 )<T 2 -(ki - k 2 ) 
<ri-(ki - k 2 )cT2-(ki - k 2 ) 

<T 1 -<T2 

-<ri-(ki +k 2 )cT2-(ki +k 2 ) 

<T 1 -<T2 

-<ri-(ki +k 2 )cT2-(ki +k 2 ) 



1 



1 



2uJ\U)2 Wl + W2 



1 1 4 

Wl W2 Wl + W2 

1 1 

2wiU2 wi + W2 



1 1 
I - + — 

2 \ Wl LJ9 

1 1 



2uJlLU2 Wl + W2 

-i(=- + f 

1 1 



2^1(^2 Wl + W2 



TABLE VII: The d p (t, «)-functions cooresponding to the denominators Dj,(wi, W2) , p = 0, 1, 2, 3, 4, 5. 



D{ p y (wi,w 2 ) 



D 2,2,0 

^2,0,0 
Do, 2,0 

Di,o,o 
Do, 1,0 
Do, 0,1 
Di.i.i 



w?w| 



Wl 

1_ 

W2 



Wl + U2 
1 1 



W1W2 Wl + LO2 



•^2,2,0 




1 


^2,0,0 




5(u - u ) 


do, 2,0 




S(t-to) 


di,o,o 




-^=t~ 1/2 5(u — uo] 


do, 1,0 




-±=u- 1/2 S(t-to) 

V 71 " 


do, 0,1 






di,i,i 
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TABLE VIII: Coefficients r^' na ' pv) for the (7r7r) contributions. 



To(//)(*,u) 



Ti(//)(t,u) 



T a (//)(t,u) 



1-pair exchange 



3 



2t + u 



tu 



(t + u y 



1 15 v^+u 1 



l VFTu l 

77T t + u M 



20F V * + u J (t + u) 2 M 



1 / t - 8tu + u \ ^Jt + u 1 



v^+« 1 



_3 1_ _L_ 

20F (t + u) 3 / 2 ' M 
3 1 _L_ 
+ 0F (i + u y/ 2 ' m 



1 / t 2 + u 2 



2^ V t + u J (t + u) 3 / 2 M 



2-pair exchange 



20F (t + u) 1 / 2 
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TABLE IX: Coefficients T)^ '" a ' p " J for the (7T7r)i contributions. 





To(//)(t,u) Ti(//)(t,u) T a (//)(t,«) 




1-pair exchange 


n (l),od 
n (l),ad 
Q (l),ad 
n (l),»d 

n (l),„a 
n (l),„a 

n (l),l» 
n (4),,» 


3 1 2 tu 

+ VtF (f + u) 3 / 2 V^( f + ") 5/2 

1 + 1 

3^F M t + u 

1 (1 + Kl) 1 

2^? M t + u 
1 1 1 

M t + u 

15 1 1 l/t 2 -8tu + u 2 \ 1 t 2 u 2 1 

4 (t + u) 2 M 2 ^ (t + u) 3 J M (t + u) 4 M 
1 1 

t + u M 

3 S(t - t ) + 8(u - w ) 1 lt 2 <5(t-t )+u 2 5(u-u ) 1 
+ 4 t + u M ' 2 (t + u) 2 M 
t 8{t- t ) + u 5(u - u ) 1 
t + u M 




2-pair exchange 


^(2), ad 


1 \8{u-uo) S(t-t ) 2 
2^1 Vt ' V« (i + u) 3 / 2 J 
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TABLE X: Coefficients r^'" 11 ^' for the (yrp)i contributions. 





To(//)(t,«) 


Ti(//)(t,u) 


Ta(//)(t,«) 




1-pair exchange 


n (l),od 

n (l), d 


+ M (2+ + « 3M 

1 u 2 +ta (1 + ftp) 
+ M (t + u) 2 


f u 2 tu ^ 
V(i + «) 2 " ( '"" ) (t + ^) 2 J 






2-pair exchange 


Q(2),od 


1 1 

20F (i + ti 


)l/2 
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TABLE XI: Coefficients r { f*' na ' pv > for the (na)i contributions. 



r (//)(t,u) Ti(//)(t,u) r 2 (//)(t,u) 



l-pair exchange 



+2 



t + u 
tu — u 2 

(t+ u y 



2tu-u 2 



3 (t + u) 2 



+ 



(t + tt) 3 / 2 M 



It 2 - Itu + 6u 2 

7^ (t + uf 2 



M 



+ 



1 t 2 - 13tu + 6u 2 1 
30F (t + u) 5 /2 M 



+ 



2 tu 2 (t-u) 1 
7^ (t + w) 7/2 ' M 



+ 



2 tu 2 (t-u) 1 



1 



V^F (t + u) 3/2 M 



1 f 2 



f u 



l r - tu l 

'V?(!+ll) 5 /2 ' M 



2-pair exchange 



1 (t-u) 2 
20F (i + u) 5 / 2 



1 {t - u) 2 

(t + u)5/ 2 
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TABLE XII: Coefficients r^' na ' pv) for the (jrw)i contributions. 







To(//)(t,«) 


Ti(//)(t,u) 


Ta(//)(t,«) 




1-pair exchange 


n (l),od 






2 it 
+ 3t + u 




Q (l),ad 




+2 U 








2-pair exchange 




1 


5(t — 1 ) <5(w-uo) 


1 1 








6V 71 " V* + u 




Q(2),od 




1 1 

20F \/t + u 
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TABLE XIII: Coefficients T °" k ' na ' pv > f or the (jrP)i contributions. These coefficients have to be multiplied by a factor — S(u — 
u )/M%. 





To(//)(t,«) Ti(//)(t,«) T 2 (//)(t, w ) 




1-pair exchange 


Q (l),ad 

n (l),na 

n (l),no 
3 

z 


2 2tu-u 2 
t + u 1 3(t + u) 2 
tu — u 2 

1 ° 

(£ + «) 2 

5 11 1 t 2 -13tu + 6u 2 1 2 tu 2 (£-u) 1 
+ 0F(f + u) 3 / 2 M 1 (f + tt) 5 / 2 M 1 3^ (t + w) 7 / 2 M 
1 t 2 -7t« + 6w 2 1 2 tu 2 (t-u) 1 
+ v / ? (f + u) 5 / 2 M l ^(t + u) 7 / 2 M 

11 1 1 t 2 -tu 1 
0F(t + «) 3 / 2 M 30F(> + tt) 5/2 M 

1 t 2 - to 1 
sPH (t + tt) 5 / 2 M 




2-pair exchange 


^(2), ad 
Q(2),ad 


11 1 it-u) 2 
^{t + uf 2 60F (t + u) 5 / 2 

1 (t-u) 2 
20F (i + u) 5 / 2 
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TABLE XIV: Coefficients T • na ' pv > f or the (tytt)o(' derivative') contributions. 





To(//)(t,u) 


Ti(//)(t,«) 


T 2 (l/)(t, u) 


r 3 (//)(t,u) 


n (l),no 
n (l),»a 

n (l),l» 


15 1 
4 f + u 
45 1 1 


It 2 - 8tu + u 2 
2 (t + u) 3 
1 14t 2 - 67iu + 14u 2 1 


t 2 u 2 
(t + u) 4 
tu 3i 2 - lAtu + 3u 2 1 


1 t 3 u 3 1 


20F (t + It) 5 /2 M 

9 1 1 

+ ^(t + u y i / 2 m 

1 (mi - m|) 2 1 


+ 20F (t + u) 7 /2 M 
4 tit 1 
0F(i + u) 5 /2 m 

1 m?(3i 2 - u 2 ) - m|(i 2 - 3m 2 ) 1 


(t + w) 9 / 2 M 
1 tu(t 2 + 2tu + u 2 ) 1 


v^F(t + «)V2 M 
— 


20F (t + u) 1 / 2 M 

3 m? + ml 1 
+ 20F(f + u) 3 / 2 M 

2 (mf + ml) 1 
(< + w)i/a M 

3 1 1 
(t + u) 3 / 2 M 


20F (i + u) 5 / 2 M 

1 t 2 + 2tu + u 2 1 
+ 20? (t + u) 7 / 2 M 

2 (t 2 +tw + u 2 ) 1 

(t + U ) 6 / 2 M 


^ (t + u) 9 / 2 M 
— 


^(2), ad 


1 1 

+ v ^ r (i + u) 3 / 2 


1 to 

20F (< + ^) 5/2 







